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PREFACE

Various NASA groups and contractors are faced with the problem
of adopting values for such solar system constants as the
astronomical unit (in effect, the mean earth-sun distance in
kilometers).

This quantity, together with other related constants such as
planetary masses, is needed for accurate and efficient guidance
of space craft. The need therefore exists for a systematic method
of standardization for choosing values for such constants and for
improving estimates of them as new data become available. This
Memorandum is in essence an exposition of the application of the
theory of measurement errors and statistical estimation precedures
to such problems. It deals specifically with the general least
squares estimation method and illustrates how this method can be
effectively applied to determine the '"best values" for solar system
constants, to estimate their variance, and combine new measurements
with what is already known.

The Memorandum should be of value to scientists working in the
field of guidance and navigation of space vehicles, as well as those
interested in celestial mechanics. Since the methods outlined are
quite general, and not limited to the specific field of astrodynamics,
the paper will also be of interest to scientists concerned with

determining physical constants from theoretically related experiments.



SUMMARY /i”é;
;7>2>8 /|

This Memorandum reviews the statistical theory of parameter and
variance estimation and its application to the problem of estimating
solar system constants. The usual statistical methods for treating
experimental data are discussed, with particular attention to the
concepts of random error and systematic error. The maximum likelihood
method for parameter estimation, which is a preferred statistical
estimation method, is shown to coincide with the general least squares
method when errors are distributed as the multivariate normal
distribution, which is usually true to a satisfactory degree of
approximation. The general least squares method is therefore of
great potential utility and it is discussed in detail, especially
with regard to methods for combining results from several related
experiments. In appendices the theory is applied to several
illustrative examples and to a specific experiment that has been

suggested for determining the astronomical unit. /4&&¢AJ—N~



vii

ACKNOWLEDGMENTS

During the course of writing this Memorandum, encouragement and
helpful discussion has come from G.F. Schilling, A.G. Wilson, M.H. Davis,
D.W. Stebbins and D.S. Wilson, of RAND. 1In the same category are
discussions with Samuel Herrick and Gerald de Vaucouleurs and Nelson
Wax, RAND consultants, as well as E.M. Boughton and L. Wong, of Space
Technology Laboratories. Helpful discussion on certain aspects of
mathematical statistics has also come from Allan Marcus, RAND consultant
and graduate student at University of California, Berkeley.

The work of Louise Kern in the computation of and checking of
formulae in the examples is gratefully acknowledged. The help of
W.L. Sibley in locating and interpreting the appropriate numerical
computing routines for use in the examples is very much appreciated.
Input data for example 3 in Appendix I was furnished by Dean Jamison,

of RAND.



CONTENTS
PREFACE. . ..ottt ittt tnttereetssisreeasanaeesneeeoaasennnnaannns 1ii
SUMMARY . ... ittt ittt eceettonsecnsesaceaecacanoeaaenaaenaanennan v
ACKNOWLEDGMENT S . - . -t et et ittt citaascassaaeosasosennanansnannes vii
Section
I. INTRODUCTION. .ttt viecnncnenaeecnsesanosnonsaosaaassaannns 1
II. ERROR THEORY. ... iiiniiiieroinroasoeesanosenonoaaasenennass 3
ITI. MAXTMUM LIKELIHOOD ESTIMATION......... ...t iieiienncannnn 6
IV. GENERAL LEAST SQUARES ESTIMATION..........itiveeeenenannn- 18
V. THE PROBLEM OF WEIGHTING--COMBINING RESULTS FROM
SEVERAL EXPERIMENTS. . ... ...ttt ittt e eeeaanecannnns 23
VI. TIMPLICATIONS AND PROBLEMS IN APPLYING LEAST
SQUARES ANALYSIS. ... ...ttt iitinieacennasossoeananannas 29
Appendix
I. EXAMPLES OF GENERAL LEAST SQUARES ESTIMATES............... 33
I1. EXAMPLE OF WEIGHTING THE RESULTS OF TWO EXPERIMENTS....... 45

REFERENCES. . . ..ttt iiiit ittt it inenennsensoncanessossoasnnasnsens 48



I. INTRODUCTION

In the analyses, design, and implementation of space experiments
various groups are faced with the problem of obtaining or establishing
values for repeatedly used constants and parameters. There is need
not only for precise numerical values, but also a need for a measure
of probable accuracies for these values.

Through observations over centuries, astronomers have established
a mathematical model in which most of the solar system dynamical

constants and parameters are related. They have adopted preferred

capability of sending vehicles into space increases both the
opportunity for more observations and more types of observation and
also the need for better estimates of parameters. As more and better
observations are made, it is possible in principle to make new and
more accurate estimates for these solar system constants. Occasionally
one may need to revise a mathematical model and introduce and estimate
new parameters.

Often details of the methods by which new values for constants
are estimated are not fully disclosed by researchers. This makes it
difficult to assess the validity of the estimated value of the constant,
and makes it impossible to combine new data with this estimate in a
systematic way to arrive at a better estimate of the constant.

In many cases, even when a well-known and precisely defined



estimation method is used, the method for determining the probable
error or standard deviation of the estimate is obscure, and statements
about its accuracy may be ambiguous. The purpose of this Memorandum
is to describe the general least squares estimation method, in the
hope of promoting standardization in the method of solar system
constant estimation, and uniformity in the statement of results of
the estimation. By this method, as new data are obtained, estimates
of constants may be updated in a systematic manmner, and standard
deviations of the updated estimates are obtained in the process.
The method described here is by no means original, but some aspects
of the method may appear novel even to least-squares practitioners.
The applicable statistical theory is reviewed and examples of
the applications are worked out. No apology is made for the
abbreviated presentation of certain ideas and methods from statistics,
since the objective here is to focus on least squares theory rather
than on the more general field of multivariate statistical analysis.
A formulation of the general least squares problem using matrix

h(6) and this has been extended

(8)

methods is presented in Arley and Buc

)

by D.C. Brown. In a recent book, Linnik develops the method

using matrices. Geodesists have made rather extensive use of general

least squares methods, and a pertinent example of the use of

(6) @

and D.C. Brown is

(9)

procedures delineated by Arley and Buch
available in a report by W.M. Kaula and Irene Fischer, concerned

with the use of geodetic and astronomic measurements to obtain a

World Geodetic System.




II. ERROR THEORY

No matter how precisely one attempts to measure physical
quantities, the observed measurement differs from the true magnitude
of the quantity measured by what is called a "measurement error."

The classical theory of measurement errors is concerned with only one
kind, random errors. Two other groups, sometimes labeled coarse errors
and systematic errors, must be removed or their effects must be small
if a statistical analysis of the measurements is to yield a good
estimate of the quantities measured.

Coarse errors usually result from lack of care on the part of
an observer, and because they become conspicuous when data are displayed
in one way or another they may be eliminated by discarding obviously
erroneous observations.

The following quotation from Arley and Buch(6) is an apt
description of systematic error:

"Systematic errors are errors due to one or a few definite causes
acting according to a definite law and, as a rule, in one definite
direction. If a measurement is repeated under constant conditions,
the same systematic errors will occur. Consequently, in contrast to
the coarse errors, systematic errors will not show up in any disagree-
ment among different results, but only displace them by a constant
amount, However, if the laws governing systematic errors are known,
these errors can be calculated and treated as corrections to the values
measured. Most systematic errors are caused by the instruments."

Unfortunately, systematic errors are not as easily discovered or



eliminated as are coarse errors.

To quote again from Ref. 6, "Random errors are all the other errors
which do not show any regularities or the regularities of which we
do not know. Sometimes the word error is applied only to systematic

errors and the word uncertainties to the random errors. In general,

it is a characteristic feature of random errors, in contrast to
systematic errors, that positive and negative values are equally
probable. However, errors having skew distributions may be found.
These are the so-called one-sided errors. By closer investigations,
one-sided errors often turn out to be systematic errors. As an
example of a one-sided error, we may mention the curvature in the axes
of optical instruments.

"The distinction between the various groups of errors is, however,
not sharp. By closer investigation, some of the random errors may
show regularities. Thus an error we have previously classified as
random may later turn out to be systematic. Casually there may also
appear a particularly large error which may be mistaken for a coarse
error. Thus in practice, it is not always easy to judge whether or
not a measurement which deviates conspicuously from the other measure-
ments should be rejected."

In the theory of errors, the probability distribution of the
measurement errors is nearly always assumed to be the normal or
Gaussian distribution function. If x is an observation on the
parameter B, then its probability density function is given by the

normal density function

2
f(x) =\/2_r1rc exp -%(-—;E)




where o is the standard deviation of x.

In experimentation one usually deals not with just a single
observation on a single parameter, but with replicated
observations on many parameters. To deal with this more general

case, the probability distribution of the measurements is usually

assumed to be the multivariate normal distribution. If (xl, ceny xn)

are observations on (ul, ey un) where the ui's need not be distinct,
*

then the probability density function of the vector x = (xl, ceey X )

n

is given by

-3
A -1
by =4l exp [ e a (x-m]
m™ L
where p = (ul, ey un), and the matrix A, called the covariance

matrix of x, has as its i-th diagonal element the variance of xg
and as (i,j)-th element, i # j, the covariance of X and xj.
Some particular special cases are worth noting explicitly. When

Wy = uz = ... =y =W, say, thenx

, .y X_ are replicated observa-
n 1 n

tions on W, though possibly with different variances and possibly

correlated. When A is a diagonal matrix, then x -» X are

1’
uncorrelated and so are independent univariate normal variables, but

they may have different variances. When A = UZI, where I is the

. . . 2 . .
identity matrix and o 1is a scalar, x - xn are independent

1’

and identically distributed univariate normal variables.

*

Throughout this paper we shall write all our vectors as row
vectors, so that the transpose (denoted by a prime) of a vector will
be a column vector.



III. MAXIMUM LIKELIHOOD ESTIMATION

The purpose of most scientific experiments is the estimation of
parameters. The major role of the statistician in these experiments
is to provide satisfactory estimation procedures. The point of view
of the statistician, and the problems that beset him, are well stated

in the following quotation from Cramerglo)

*
"Suppose that we are given a sample from a population, the

distribution of which has a known mathematical form, but involves a
certain number of unknown parameters. There will then always be an
infinite number of functions of the sample values that might be pro-
posed as estimates of the parameters. The following question then
arises: How should we best use the data to form estimates? This
question immediately raises another: What do we mean by the 'best'
estimates?

"We might be tempted to answer that, evidently, the best estimate
is the estimate falling nearest to the true value of the parameter
to be estimated. However, it must be borme in mind that every
estimate is a function of the sample values and is thus to be regarded
as an observed value of a certain random variable. Consequently, we
have no means of predicting the individual value assumed by the estimate
in a given particular case, so that the goodness of an estimate cannot

be judged from individual values, but only from the distribution of the

*
Sample is a set of observations, and population is a very large
set which has the assumed characteristic distribution.




values which it will assume in the long run; i.e., from its sampling
distribution. When the great bulk of the mass in this distribution
is concentrated in some small neighborhood of the true value there

is a great probability that the estimate will differ from the true
value by a small quantity. From this point of view, an estimate will
be 'better' in the same measure as its sampling distribution shows a
greater concentration about the true value and the above question may
be expressed in the following more precise form: How should we use
our data in order to obtain estimates of maximum concentration?

1.

W = o~
luc i Ly

concentration {or
of a distribution may be measured in various ways, and the choice
between various measures is to a great extent arbitrary. The same
arbitrariness will, of course, appear in the choice between various
estimates. Any measure of dispersion corresponds to a definition of

the 'best' estimate, viz. the estimate that renders the dispersion as

expressed by this particular measure as small as possible."

Many criteria may be used in evaluating a method of estimation,
but it is clear from the above that an important property of an
estimator is that its sampling distribution have maximum concentration
Or minimum variance. It can be shown that for large sample sizes
estimators based on the method of maximum likelihood have this desired
property. This property, plus the fact that these estimators are fairly
easy to comstruct, is mainly responsible for the attention and use
which the maximum likelihood method has received. To use this
estimation method, the probability density function of the sample
(involving the parameters to be estimated), the likelihood function,

must be specified.



In the theory of errors, the general form of the likelihood
function is specified, as indicated above, as the multivariate normal
density function. The exact form of the multivariate normal density
function to be used depends on particular detailed aspects of the
experiment. We distinguish two main cases--that of direct measurement
and that of indirect measurement on a set of m parameters to be
estimated.

The simplest case of direct measurement is the case wherem = 1,
so that we are interested in estimating a single parameter w and
make N independent identically distributed observations Xys oo
on . These x's differ from o by random errors which are
assumed to be normal random variables each with mean 0 and known
variance, 02. Thus the x's are normal random variables, each with
mean « and variance 02. The problem is to estimate o, the expected
value of the x's.

More complex is the case where the xi's are independent but not
identically distributed in that their variances differ. Here X is
a normal random variable, with mean ¢ and variance ciz, a known
number, and again one wishes to estimate o, the expected value of
the x's.

Even more general is the case where the xi's are correlated, so
that the vector (xl, ceey xN) has a multivariate normal distribution
with unknown mean vector o(l, ..., 1) and known covariance matrix.
Again only the scalar o is to be estimated.

Rather than detail the various degrees of generality of the

direct measurement case for m > 1, let us state the most common

case, that of replicated measurements. Here we observe N m-vectors




(xll’ s xlm), (x21, ey xzm), ceey (le, cees me), where the

vectors are uncorrelated with each other, and where the i-th vector

has a multivariate normal distribution with unknown mean vector

(al, cees qm) and known covariance matrix.kﬂ, i=1, ..., N.

i
Even more general is the case where the N successive replicated

observations on each of the ai's are themselves correlated. In this

th - to = cen b'd ey X ...
case we form e mN-vector x (xll’ > Xy 213 > Xy s
XN]’ . me) and assume that it has a normal distribution with
unknown mean vector o = le, s O Qs ey Oy cees Ops cevs qm)

and a known covariance matrix 2 which is not block diagonal.
We can subsume all these cases in a very general statement of
the estimation problem, as follows. Let x be a vector of p observations,
with multivariate normal distribution with unknown mean vector o and
* . - 3 -
known covariance matrix {i. Our problem is to estimate the vector o,

and the method of maximum likelihood requires that we maximize the like-

lihood function of x, i.e., that we maximize

-3 ’
lol ) 07 Gx-e)

Beo) =
TPl

with respect to o. This reduces to the minimization with respect to

o of the quadratic form

4

(x-a) Q-l(x-a)

*In practice, (Q may not be known, but only estimated, hopefully
from data independent of x, and this estimate is used as the true value
of Q, rather than as a random variable. Though such usage in the
strict mathematical sense invalidates the subsequent analysis, the
practical effect of this usage should be negligiblg if the estimate. )
of Q is based on a considerable amount of data on instrumental precisionm.
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Writing the general quadratic form to be minimized as
-1 . s s . .
(x-a) (x-a)', without additional words of caution, is a bit mis-
leading, as it is not clear from the quadratic form whether a p-vector

x is composed of one observation on each of p different a's (so that

p = m) or N observations on each of p/N different o’s (so that p = mN).
In the latter case if we first write the vector o as o = (al, cees ap)

we have as constraints among these ai's that

S
I

= = = ... =
1 %/N+1 %p/N+1 Y(N-1) p/N + 1

Q
I

2 T %/N+2 " %p/Nn+2 7 0 T %me1) p/N 4+ 2

etc., whereas in the former case there are no constraints among the o's.
And even when x is a vector of a single observation on each of m

different o's, the ai's need not be functionally independent parameters.

For example, we might measure with error the three sides and three angles

of a triangle, so that m = 6, yet the six parameters Ops oo o, are

6
not functionally independent. Such functional constraints, as well
as constraints on the o's of the type described above due to replica-
tion, must be taken into account in the minimization of the quadratic
-1 :

form (x-a) Q " (x-o) .

We make the effect of redundancy among parameters and replication
among our observations upon the minimization problem explicit by

introducing constraint equations. We suppose that there are m function-

ally independent parameters among the p parameters Oys v dp to be
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estimated, and that the functional dependence of the remaining
s = p - m parameters is given by functions q,l(al, cees ap) = 0,

. w{;s(al, ceey o:p) = 0. Then the method of maximum likelihood
reduces to that of minimizing (x-a) Q-l(x-a)' with respect to o subject

to the constraints !bi(a) =0,i=1, ..., s.

A few examples will help illustrate the generality of this

formulation.
Example 1 (independent replications): Here we observe 011, cee, 9
N times, so that p = mN, and x = (xu, sees Xy Xogs eees Xpos

ces Xygys e me), and

Z ]
1 zz O
Q= O |
| .

Wherez is the covariance matrix of (xil’ cees
i

We write o as o = (o:l, cees ap).

Then

N m
(x - a) Q-l(x-a)'=z Z cik (xij

" O ea-1)+ Fix T Om(-1)+)
1=1 §,k=1

—1
where cik is the (j,k)-th element ofz
i
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In this example s = m(N-1), and the constraints are of the form

¥y le) =y - opy =0
Vpla) = oy -y, =0
V@@ =y - g gy =0
V(@) = oy - oy =0
wm(N-l)(a) =% T olp =0

Of course, one need not go through this formalism for this
example, as the constraints can easily be substituted into the
quadratic form, leaving us with the unconstrained minimization

problem of minimizing

m
Z %3 (xij - O’j)(xix - )
1 j,k=1

i~ =

with respect to & o

12 e Y-
Example 2 (unequal sample sizes): Here for simplicity we let m"= 2

and observe one ¢ n, times and another o n, times, so that

1 2
p=n + n, and x = (xll’ cens xnll’ X12, ey an%). Let 2 be the
known (n1 + n2)x(n1 + n2) covariance matrix of x, and write
a = (al, ceey ap). Then s = n1 + n2 - 2 and the constraints are of

the form
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wl(d) = - @, =0

¢2(a) =0 -, =0

: = - =0
‘l’nl_l(d) 011 dnl

Yo @ =) -y, =0

1 1 1

i
o

¥ @) =« - a
n1+n2 2 n1+1 n1+n2

Again the constraints can be substituted directly into the quadratic
form (x - o) Q-l(x -’

When Q0 is block-diagonal, i.e., when the observations on one of
the parameters are uncorrelated with those on the other, but all

observations on a single parameter are correlated, then

and the quadratic form reduces to

n
1
!
(x - a) Q'l(x -g) = E: c{k(le - o:l)(xkl - al)
j,k=1

)
+ 24 o, (sz - o +1)(xk2 - o +1).
. 1 1
j k=1
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Example 3 (replication and redundancy): We will describe here a

11
generalization of a surveying problem taken from Demingﬂ )

In this example we are surveying a plane triangle

and have 4 observations on P, 2 observations on Q and R, and one

observation on p, q, and r. Here p = 11, and we write
= Ceppo Xpp0 Xgp0 X410 ¥pp0 ¥pp0 X130 Xpge Xy X5 Xg)
o = (al’ veey all)

and the constraints due to replication are
¢1(a) =g -a, =0

0

[
14
1
R
]

¢2(a)

]
R
1
R
]
o

3@ = -,
¢4(a) =q. -, =0
¢5(a) =0, - ag = 0
In addition, there are three constraints due to the functiomal

dependence of the sides and angles of a triangle:

sin o sin o
1 5
te@ =—3 T =0
9 10
sin o sin o
1 7
¢7(d) = o - o =0
9 11
¢8(a) = ot a + @, - T =0
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The quadratic form Q = (x-a) Q-l(x-a)' is to be minimized subject to

these constraints to obtain the maximum likelihood estimate of o.

The first five constraints are of simple enough form that one

can substitute them directly into Q. When Q is block diagonal of

the form

\ ‘ 2 2
where 21 is a 4x4 matrix, Z and 23 are 2x2 matrices, and 04> ©
2

Ly O

L,

5

and

% are scalars, then Q breaks up into six sums:
4 2
= ' jk _ _ E: jk _ _
Q= ) ol -y - e * 9 &2 = ¥ (g - @)
j,k=1 j,k=1
2 2 2
-k (xg - a9) (10 - %g)
* Z 03 (43 - @) 0g, - ap) + 2 + 2
jok=1 4 5
2
+ 1 - oy)
3 .
%
Wherl}L = ci I, then the i-th sum reduces further to the sum of squares

i

of deviations of the xji from their means, divided by oi.

In the case of indirect measurement, we suppose that, though the

x's described above are direct measurements on the vector

o = (al,

and our problem is to estimate .

s ap), these o's are functions of a vector p = (u;,

Since there are p-s functionally

ey pt),
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independent ¢'s, in order for these a's to be functions of t
functionally independent y's we must have t < p-s. When t > p-s

the p's are functionally dependent and this dependence must be taken
into account by further constraints on the uj's. We shall not consider
this case, except to point out that it can easily be handled by extend-
ing the procedure we outline to include these constraints.

From our mathematical model we determine the t independent functions
fi(a, ) = 0 which relate the directly observed parameters & with the
indirectly observed parameters W. Our problem in this case is to
minimize (x - o) Q-l(x - @)/ with respect to ¢ and 4 subject to the
s+t constraints fi(a, W =0, i=1, ..., t, wj(a) =0, =1, ..., s.
We shall discuss methods for performing this minimization and then
obtaining the maximum likelihood estimates of o (in the direct
measurement case) or Y (in the indirect measurement case) in the
next sectiomn.

Example 4 (indirect measurement): To illustrate the case of indirect
measurement we present a modification of Example 3. In this example,
we are surveying the same triangle as in Example 3, except that we
have only the observations on P, Q, R, and p, and are interested in

estimating q and r. Here p = 9, s = 5, and we write

X = (%195 X515 X375 X495 Xp9s Xg9s Xjg5 Xygs Xg)

o4 (ala ceey ag)

\lrl(a)=°l -, =0

I
R

‘yz(d)— 1'(1’3:0

V3@ =0y -, =0

414(01)
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)
R
'

‘l’s(d) = 7 Q8 =0

‘Vs(oz)=d1+o:5+oz7-n=o

Our vector | is composed of the unknowns of interest, q and r,
so that t = 2. We write By = Qs Wy = T, and

sin oy sin d5
9 1

sin o sin o
£, (a,p) = oA - ™ =0
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IV. GENERAL LEAST SQUARES ESTIMATION

As seen earlier, the most general estimation problem is ome
involving indirect measurements, where x is a p-vector of observa-
tions on o, W is a t-vector (ul, ceey ut), where fi(a, W) =0,
i=1, ..., t, and wj(a) =0, =1, ..., s. The problem is to
estimate @ and u subject to the s + t constraints given above.

The method of ordinary least squares requires that one minimize
the quadratic form Q = (x - o)(x - o) ! with respect to o and w,
subject to the s + t constraints ¢j(a) = 0, fi(a, w) = 0. More
generally, one can assign weights‘di to each of the Xy and require
that the quadratic form Q* = (x -a) D (x - o) be minimized, where D
is a diagonal matrix of weights di. One can be still more general
and define the general least squares problem as one of minimizing the
quadratic form (x - &) W (x - @)’ with respect to o and p, where W
is a known symmetric positive definite matrix of weights.

Let g(W) and ﬁ(W) denote the minimizing o and p for the weight
matrix W. It can be shown that choice of the inverse of the covariance
matrix of x as the weight matrix will lead to estimates of « and u

which have asymptotically smallest variance among all estimates of the

EQEE‘Q(W), ﬁ(W). This is not to say that these estimates have
asymptotically smallest variance. As pointed out earlier, it is the
maximum likelihood estimate which has this more desired property.

If we call Q the covariance matrix of x, then the 'best'
quadratic form to be minimized is

x - a) Q-l(x -a)’
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which is identical with the quadratic form to be minimized in maximum
likelihood estimation for the multivariate normal distribution. Thus
when the distribution of the measurements is multivariate normal,
the least squares estimates c/r\(Q-l), |.A1.(Q-1) have asymptotically smallest
variance among all estimates of o and i, not merely among all estimates
of the form Q(W), /l.\l.(W).

Minimization of this quadratic form subject to the constraints
f.(, w) =0, \I;i(oz) = 0 is accomplished by the method of Lagrange

b
multipliers, which requires that one find the saddlepoint of the

Lagrangian
] t
S=-) 0 -0 "2 ) A 4@ -2 ) C £ w
b L L
j=1 1=1
where )\1, ey )‘s and.gl, cens gt are Lagrange multipliers. Here we

equate to zero the derivative of § with respect to both the o and

the p, to obtain the p + t equations

J
8 t
_ 3y, (o)
[(x-a)01]1= z "j”SJai_J'Z , afza("’ B i o1, e
j=1 £=1 oy
¢ df, (@, W)
2=1 J

where [(x - o) 0—1]1 is the i-th element of the vector (x - o) 0-1.
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In general, these equations can only be solved by numerical methods.
However, a judicious use of Newton's method can simplify matters,
after rewriting these equations in matrix mnotation by introducing
the vectors F(o, W) = (fl(d, M), -.., ft(a’ u)) s

@ = (4@, s ¥ @) A= O e M) and 2= €s e, €,

the t x t matrix Fp‘(a, w) with fp.ij = [afi(a, w1l / [ap.j]
the s x p matrix-¢a with waij = [awi(a)] / [aaj], and the t x p

matrix Fa(a, p) with faij = [Bfi(d, w1/ [Baj]-

Let o? be an initial guess at the value of the minimizing o,
where ¢j(op) need not equal zero for j =1, ..., s, and let u? be an
initial guess at the value of the minimizing p. Then we can approxi-

mate ¢j(u) by

P av, (@
(@ =¥ () + z da. PO CP R
i=1 i |loa=«
and fj(d, W) by
t
—  of (o, w)
f(a,)=f(a,u)+2——‘—r g By - HD
..1 u=“'0
> et 3 (@, W) .
Z v=d (ai-ai)
i=1 p.:uo

Then S is approximated by
x-00lx-0 -2 [‘lﬁ'(ao) +y o) - oto)']

-22 [F'<a°, W) +F %, )@ -e’) +F @, W) - u°)']
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Equating the derivatives of S with respect to o and u to zero,

we obtain the matrix equations

-1 o o o
-0 07 - Ay @) - 2E 6, 1) = 0
[o] (o]

ZFu(d,u)-—O

As the p's are functionally independent, the t x t matrix Fu(ap, uo)
is non-singular, since it is the Jacobian of the transformation from
the space of u's to the space of f's. Thus Z = 0.
To determine A we substitute the value
@=x-Ay (@)0
o
into the linearized constraint equation for o to obtain
o} Z
1) + - Ay @) 0 -a) 4 ) =0

or

h=[1E) + - o) 15E) 1,60 0 )] ™

provided Wa(do) Q w;(ap) is non-singular. Then

-1
x -[wcof) + (x -2) w;<a°>][wa<a°) Q w;(of)] ¥,@) a

]

o

. ,
x [I - ¥,@) [*d(of) Q wo’,(of)] ¥,0) n]

-1
+[a°‘ll;(ot°) - V(o )] [wd(o?) Q ¢(;(oz°)] ¥,(7) 0

The vector p is found by solving the other constraint equation

to be -1

po=pul - [(oz - 0°) FI(07, W) +F’, u°)][FJ(d°, u°)]
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These values of ¢ and p satisfy the approximate constraints,
though not the exact constraints, even if o and u? did do so.
However, these values of ¢ and | are used as o’ and uoand the procedure
is iterated until it converges on a value Q of o and ﬁ of w, which

then should both satisfy the exact constraint and minimize

x - o) Q_l(x -’

A
It is clear from the above that the final estimate ¢ of o will

be of the form x A + B, where A is a matrix of the form
A=t -yl @ 0vh ™ty o]
o o o o

Since Q is thé covariance matrix of x, we see that the covariance
A : 7 -1
= - Q = ].
matrix of @ is A"Q A =0 - Q va (Wd wa) ¢a Q=QA, an easily
computed quantity.

A A
The vector u is of the form o C + D, as seen from the above,

where
-1, 0 o o o
C=- [Fu(a,u)Fa(a,u)]
A
so that the covariance matrix of u is
c'’aA‘aac=c’'aac

A A
The cross-covariance matrix between o and p is given by

A’ QAC=0 AC, so that the covariance matrix of (Q, ﬁ) is

A QAC

c‘A’ o c‘QAc
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V. THE PROBLEM OF WEIGHTING--COMBINING RESULTS FROM

SEVERAL EXPERIMENTS

In least squares estimation, the covariance matrix associated
with the observations is important in giving the proper weight to the
different observations. It is clear from the form of the estimate of
o that {) need be known only up to a scale factor, so that only relative
values of the variances and covariances are important. The covariance
matrix of the estimate will then also be known only up to a scale
factor. However, as we shall see, if the covariance matrix accompany-
ing the estimates from one experiment is to provide the basis for
comparing and making an overall adjustment among several experiments,
then relative values of the variances and covariances will not
suffice; their absolute level must also be known.

Suppose we have additional observatioms on o's, either as
replications of observations on o's already members of the vector
o = (al, ceny ap) or as observations on a new «, say ap+1, which may
even be a function of a new w, say P12 with an associated constraint
ft+1(a, i) = 0. One sees from our formulation above that these can
easily be handled by enlarging the x vector, o vector, and covariance
matrix (O appropriately. In most cases this is the only way to handle
the problem of combining data from many experiments.

In the special case where the N successive experiments are
independent and replicates of each other and the covariance matrices
for each experiment are diagonal, however, one can easily check that
the problem reduces to one in which one has observed a single p vector

X = (gl, cees ié), where
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i 5 *ij
=t ______

i

o.

j

i . .
and Gj is the reciprocal of the variance of the j-th observation xij

on @, so that X, is a weighted average of the observations on o .
To illustrate how to combine two independent experiments, we

will assume that in one experiment two parameters have been estimated,
A A r I 3 .
say o), 9, with a covariance matrix 21. In another experiment, two
A
parameters %5 o, have been estimated with covariance matrix 22. In

A A
this example, we will assume that @, and oy are estimates of the same

parameter.

A A A A
In this case, we take x = le,aZ,UB,d4), o = (al,az,a3,a4), and

Wl(a) =a, - a5 The covariance matrix of x is

B -

Do o

oD o0 0

@ @

0 0 04779,
2y 2

I %21 922

Applying the general least squares method, we would then have

‘#Q’ = (0’ 1: ‘1’ 0)

Our estimate of ¢ is given by

@=x-Ay Q
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and A is determined by solving the constraint equation &G;) =

y(x - A ¢a {)) = 0 for the unknown A. In this case

V@ =, - 0y - M0l +03) = 0

so that 8 i é
2 3
¢ I ¢))
A A %220 T 11
~ % "% o O @ (2>
and ¥ =X m (21’ 22,’ 11’- )
%92 7 911

is the combined least squares estimate of ¢.
It is obvious that @, = aj, and for consistency we also have

new estimates for oy and . This simple example illustrates how

one may use variances and covariances in weighting the results

from more than one experiment to obtain new over-all estimates for the
separately determined quantities.

Accompanying this new estimate will be a new covariance matrix,

determined as follows: write E'in matrix form as

(1) (2) -1
C22" * o131 0 0 0
e L@ @ P
. . 931 11 %11 12
(1) 2)
c +0 ¢)) (1) (1) (2)
22 11 921 92" 922" O
1) 2)
0 0 4] 022 + 011

X A,
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say. Then the covariance matrix of o is A’ Q A.

The variance of Eé(= 55) is

(1) 4(2)
%2211

(1) (2)
92" T n

A
which is smaller than either céé) or c{i), the variances of o, and
A ~
g5 respectively. The variance of o, is

1
(1) ["8.)]2

c S —————————————————
11 (1) (2)
92" * o1

and the variance of EZ is

2
(2)
o1z Ecgl] (12)
T 12
90" t 91

thus reducing the variance of the estimates of oy and o, from those
based on the single experiments.
The same results will be achieved in this case by recognizing

from the beginning the identity of o, and ¢, and dealing directly

3
with the inverses of the covariance matrices Zl and 22. The quadratic
form to be minimized is

Q=& -o®) 0t x-at’,

where o* = (al’a2’a2’a4)’ subject to no constraints on the a's. Since
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Q can be rewritten as follows: Define new 3 x 3 matrices

- .

211 0

s, = 0
0 0 0

s, = 0 0 0
0 4

o 5 |

. . * _ (/\ AT VA NEEATEAR .
and vectors x1 = oy, oy, 014), X2 = k(xl, o5 0'4) » and

o = (Otl, @y a4). Then

Q= (x; - ) Sl(X;c -+ (x;r - a) Sz(x; -a)’

Now setting the derivative of Q with respect to « to zero gives

us the equation

* * _
(xl-oz) Sl+(x2-oz)32—0
or

~ * * -1

o= (x1 S1 + x2 SZ) (S1 + SZ)

The covariance matrix of '&'v is easily determined by first noting that
* * A A A A

Xl Sl + XZ SZ = (Cll’ 012, 0) S]. + (0, 03, 0’4) Sz

A A A A
where the vectors (ozl, Uy s 0) and (O, Uqs 014) are independent.
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From this we see that the covariance matrix of a'is

21 0 6 0 o
-1 -1
+
(s1 + s2) 8, 0fs; s, 0 s, (s1 + SZ)
0 0O 22

-1
= (S1 + SZ)

The final results obtained by this procedure will agree in all
respects with those obtained previously. It is obvious that either
procedure can be extended to cases involving any number of parameters
in each experiment and many overlapping parameters. Numerical
examples of this method of weighting the results of two or more

experiments are given in Appendix IIT.
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VI. IMPLICATIONS AND PROBLEMS
IN APPLYING LEAST SQUARES ANALYSIS

When all requirements of a least squares analysis are met, an
excellent case can be made for its use in estimating solar system
constants. When the requirements are not completely fulfilled,
least squares analysis still provides a method of estimation which
is at least more precise and reproducible than some methods which
have been used. The method makes the estimates satisfy the theoretical
constraint equations of the experiments.

Ideally, we would like to require that¢

1. All observations represent a sample from a multivariate normal
distribution.

2. Systematic errors are small enough, or the results of least
squares analysis are insensitive enough, that estimates are not
appreciably affected by them.

3. Parameter estimates and the covariance matrices accompanying
estimates are the result of proper assessment of errors in the
original observations.

However, regardless of the distribution of measurement errors,
the method of general least squares outlined and demonstrated in
examples here has much to commend its use. With regard to requirement
1, experience shows that the distribution of measurement errors usually

tends to closely approximate the normal or Gaussian distribution,
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The problem of learning about and doing something about
systematic errors is a difficult one, although not always impossible.
Care and discretion in the handling of instruments and closer co-
ordination and better communication between data collectors and data
processors will often avoid introduction of certain systematic errors.
If the presence of systematic errors in measurements is suspected from
the beginning, and their functional relationship with other system
parameters is known with any degree of certainty, parameters character-
izing systematic error may be incorporated into the mathematical model
for the system. This essentially means that there are more parameters
to be estimated and that there are additional condition equations in
the least squares formulation. When there are sufficient data, such
an amplification is feasible. However, the introduction of additional
undetermined parameters into the model is not always justified when
these parameters are already known with a requisite degree of

(12)

certainty,. We cannot give a definite answer to the question

of what to do about combining estimates from two (or more) experiments
when there is an obvious incompatibility, as evidenced, say, by
estimates for the same parameter that differ by more than two or

three times the standard deviation as estimated from the most variable
experiment. When this situation occurs, as it has in solar systems
constant estimation, the tendency is to suspect the presence of
systematic errors, but this may not always be the reason for the
discrepancy. It is obvious from the analysis of general least squares

procedures that incorrect a priori assessment of even relative observation

errors can result in incorrect estimates. Also, one may employ the
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wrong mathematical model or derive from an adequate mathematical model
an inadequate set of condition equations. However, it is possible to
incorporate new parameters into a least squares estimate, thus modifying
the model to take account of some systematic errors. As measurement
technology in space exploration improves, it is almost certain that

we will be obliged to modify and in general elaborate on our models

in order to incorporate different and better and even just more
observations. This can and should be done in a manner which does not
require any apology for having used earlier a now discarded model that
really served its purpose.

Certain statistical significance tests may be used which, on a
probability basis, can provide a means of deciding whether the results
of a given experiment should be used in improving estimates of solar
system constants. For example, one can use a chi-square test to
decide whether two sets of data are from the same universe. Or one
can test a more specific hypothesis, that the two sets of data have
common error variance. Unfortunately, when such a test suggests
rejection of the data there still may be no way to pinpoint the
difficulty, and successful employment of the test may require more
data than exist.

For the benefit of those concerned with improving estimates, it
is important that the experimenter report not only the final estimated
values for all parameters estimated, but the complete covariance matrix
associated with the estimates. For further evaluation, there should
be available also the list of values for all constants assumed to be known
and the theoretical relations employed as comstraints, or in other words,

comprising the mathematical model for the experiment.
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When values for constants are adopted for common usage by some
group, having good estimates or "best" estimates by some statistical
measure is an important, but not the only consideration. Strict
adherence to a theoretical relationship may be more important. To
adopt new constants, even if better from the standpoint of statistical
estimation, may make vast quantities of data less interpretable, and
hence less useful. These and other reasons cause responsible national
and international bodies to move slowly in adopting new values. We
would expect, however, that the increasing information flow from space
experiments would not only provide the data, but also set up the
requirements for more frequent updating of values for constants. The
availability of high-speed computing machinery removes, to some
extent at least, the onus of providing new tables based upon newly

adopted constants.
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Appendix I

EXAMPLES OF GENERAL LEAST SQUARES ESTIMATES

Example l--Estimates of Directly Observed Parameters

(11)

We will use a surveying problem taken from Deming and
described as Example 3 of Section III and apply the procedures out-

lined in Section IV.

2
In this examplea Zi =0y I, so that X110 X910 x31, and X, can
be replaced by X =1§1xli/4’ X5 and x,, can be replaced by
X, = (x12 + x22)/2, and X3 and X, can be replaced by Xy = (x13 + x23)/2

in the quadratic form to be minimized. The average of the measured

values are:

on P, x = 51°06725 = .89193597 rad.
onQ, x,= 95°04/5 =1.65937179 rad.
on R, X, = 33%49/5 = 0.59035731 rad.
onp, X, = 1723.7 ft.
on q, Xg = 2205.4 ft.
on r, X, = 1232.7 ft.

The standard error for measurements are 1 min. of arc. or
00029 rad. for angles and 1 ft. in 10,000 ft. for lengths and pro-
portional to the square root of the distance. Thus the covariance

matrix of the vector (xl, Xy, x3, x4, x5, x6) is
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. 00029
4
— 2
. 00029
2 2
. 00029
2
Q £
.1724
O
.1233

We have measurements on 6 parameters and a set of 3 parameters

are necessary to completely determine the triangle, so there are 3

redundant parameters and 3 condition equations. Identifying o with

P, o, with Q, o, with R, o, with p, o, with q, and o

2 3 5 6

our notation of example 3, Section III, we rename the 3 condition

equations as

sin al sin dz
11! (Q/) = - =0
1 a4 as
sin v sin ¢
1 3
V() = - =0
2 %, g
W3(a) = + az + a3 -1 =0
Then
- -
cos al -cos az o -sin al sin az 0
) 2 2
%y Uy % Y5
cos ¢« -CcO0s o -sin ¢ sin o
V(@ = L 0 3 > 1 0 23
% %, A “g
1 1 1 0 0 0
| i

with r, unlike



35

Taking o’ = x, we obtain
= 7 -1
A= y(x) %(X) Q wa(X)
6 6 3
= 7.2674 x 10" - 1.7321 x 10 - 1.7079 x 10
Then 9(1) =x - A wa(x) Q or

.89194
1.65932

.5903
o = 3
1.72345 x 10

2.20572 x 103

3

i 1.23262 x 10

These represent estimates that are best in the sense that while
satisfying the geometrical conditions expressed by the condition
equations, they also result in a minimization of the weighted sums of
squares of the residuals. It should be noted that these results as
well as those in the following examples have not been refined by
interation. Since these estimates are functions of the observations,
the covariance matrix of the adjusted set is obtainable in terms of
quantities that have in general already been computed.

A
The covariance matrix of o> EA, is given by
o

£y =0 - 24 J[1 m avm] T v e,

o

or
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1.360°% - 9.950°% - 3.638"° 1.4187° . 4.1027% . 1.008’57

2.193°8 - 1.197°8 _ 4.33977 1.286™° - 1.2437°

1.561°8 - 1.3747° - 8.76278 2.2517°

Fn 2 2 2
o 7.912° 7.607" 1.720°
1.021°1 4.236°2

(Exponents mean powers of 10.) 6.373_2

If the results of an experiment in which redundant data are
handled by the general least squares method is presented, this co-
variance matrix should be appended to give a useful estimate of the
"goodness" of the estimates. It provides further a means of relative
weighting of results from similar independent experiments or even
different experiments when an overlapping number of quantities have

been estimated.

Example 2 --Estimates of Indirectly Observed Parameters

The same surveying problem may be used in a modified form to
illustrate a case of least squares estimation of indirectly observed
parameters. For instance, suppose measurements are made on P, Q, R,
and p, leaving q and r as parameters indirectly determined, as
described in Example 4, Section III. For convenience, we will use
the same data as in Example 1. We will now have ( as the 4 x 4

diagonal matrix
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2.1025 x 10'8 0
0 4.1050 x 10"8
Q =
0 0
0 0
b
Identifying o, with P, «

1

2

pl with q, and uz with r, unlike our notation of Example 4, Section

IIT, we rename the 3 condition equations as

@ = toa,tay-T=
sin o sin o
1 2
fl(a, p) = 5 - =
4 ]
sin o sin o
1 3
f(dsu'):' - =
2 o, sy

Taking o° = x and p° = (x5, Xg) of the

obtain
.89192
A, 1.65934
a =
.59038
1.7237 x 103
_ 3 -
A 2.20608 x 10
I3
W= 3
L1.23281 x 10

with

-
0 0
0
-8
4.1050 x 10 0
0 1.724 x 1071

with Q, g with R, @, with p,

previous example, we
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1.6738 x 1078 - 8.3692 x 1070 - 8.3692 x 10°0  4.8229 x 10~

2.4710 x 108 - 1.6340 x 1078 - 3.9661 x 10

2.4710 x 1078 - 1.7846 x 10~

i 1.7240 x 10~
.33013 .21893

.21893 .21895

3

2

3]
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(13)

Example 3--An Estimate of Variance For A Proposed Space Experiment

The experiment proposed originally by A. G. Wilson, and
configured and arranged more definitively by Dean Jamison and
George Kocher, is represented in elementary form by the diagram

below:

An instrumented probe, P, is placed in orbit about the sun S. At

various times observations are made on the following parameters:

o = the angle subtended by an earth-sun line and an earth-probe

line.

p

the angle subtended by the earth-sun line and a probe sun line.

Ll the distance from earth to sun in astronomical units. This
is not directly observed from the space experiment but is available
from tables of the earth's ephemeris and a variance can be

assigned to the error in Ll.
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Ty = the one-way travel time for electromagnetic waves between
the earth (E) and probe (P). The purpose of this experiment is to
estimate the parameter A/c, the ratio of the astronomical unit of
distance in kilometers to the velocity of light in kilometer/second.

The parameters directly measured in this experiment are

=@, B, £y, Ty) = (@) oy, @g @)
with one indirectly determined parameter

u:A/C

The observations are:

L

i i i
x = (xl, Xy, X

corresponding to
i i i i i
a = (al’ az’ d 3 d4)
for the i-th time the set of observations are made. If the error
. i 2 2 2 2 X
variances on the x~ are 01 Ogs 03, 9 for alli=1, ..., n, and

observation errors are not correlated, the covariance matrix ( is

a 4n x 4n diagonal matrix,

[
%
2
=)
2
5, O
2
%
2
9
N = 2
2
o2
O “
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To make the example specific, we will assume n = 3. The co-
variance matrix Q will then be a 12 x 12 diagonal matrix.

We rename our parameters, for notational convenience, as

= 1 = 2 = d3
@ <oy @5 T % % =%
1 2 3

¥ = = =
2 =% Qg = 9y Y0 = %
= 1 = 2 = 3
@y T O3 @; T 93 @1 T o3
v =al _ 2 _ 3
4 4 ag = 0, @y =,

From the geometry and physics of the problem we determine the

constraints § and f to be

= o, sin(cx1 + azﬂ sin Y ) sin(as + o:6) _ o
1 | 9y sin @ | og o:7
- -
Ve - @, sin(d1 + az) gin alO_ Sin(dg + alo) -
2 | 93 sina, %12 %1

p sin oy sin(c:«1 + ) _
fl(a’ lJ') = o - o =
4 3

The matrix q’a will have elements

@, sin o

Y11~ cos (a; + a,)
o oy g sin @y 1 2

o, sin o sin o, cos(x; + ) - sin(e; + o) cos o,

¢a12 sin o,

o3 g
@, sin(cz1 + az) sin o

ll,ar13 -

2 sin
@3 og %
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sin(or1 + cvz) sin o

¥ -
ald =
ay og sin &,
Y . COS(oz5 + o)
alb o:./
_ o, sin(al + cyz) cos (o:5 + a6)
q’a16 T o, o, sin o cos O!6 - o
378 2 7
. ) 51n015 + a6)
ol? 2
%7
. _ @, 51n(ozl + 012) sin o
«l8 2 si
og @y sin o,
Y919 = Ya1,10 " Ya1,11 T Ye1,12 7 O
V ) @, sin %0 cosz(c:v1 + 0’2)
o2l oy O, sin a,

@, sin %0 [31n @, cos(cx1 + az) - sin(a/1 + az) cos 012]

‘l,Q/ZZ

A
¥3 ¥pp SR O
V } A sin(ol1 + 012) sin %0
23 2
@, @y sina,

; ) sin(o:1 + ozz) sin @0
~2 :
a4 013 o, sin o,

= 1 = = =
Ya25 = Ya26 = V427 = Vo288 = O




43

cos (a9 + alo)

¥ = -
a29 o4
y _ @, sin(nr1 + 012) cos o i cos(oz9 + o:lo)
az,10 o, o., sin o 10 1
3 12 2

sin(ur9 + alo)

Ya2,11 2
11
i @, sin(cv1 + arz) sin 20
¢a2,12 0’2 @, sin o
12 73 2

The Fa matrix will have the elements

cos(cy1 +a,)

2
£ = -
all o:3
cos (o, + o,)
falZ = E{E- cos 0!2 - ; 2
4 3
) ) sin(ar1 + ofz)
ol3 dZ
3
. _ B sin o,
als 2
%%
fais = %1127 0
and
sin «o
f = f = 2
K pl o,

Using the results of Section IV, we see that to determine the

variance of a we must compute the matrices
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>
|

-1
I - ‘1‘&[% Q \v;] ¥, 0
and

-1 !
- [Fu Fo

¢}
|

Then the 1 x 1 covariance matrix of the estimate of u is given by

G%=C'QAC

=

The standard deviations of the measurements are:
1 sec, of arc in measurements of «

5 sec. of arc in measurements of B

10-7 a,u. in measurements of £

-6 .
10 sec. in measurements of Ty

1

Based on these assumptions and the following observations,

o) = 2978 ag = 33% @y = 65°8
a, = 24°7 o = 5529 @0 = 3373
o = 1.0 a7 = 1.0 ¥yq = 1.0
@, = 256.12531  ag = 413.21784  aqp = 277.45447

A -
we find that the variance of p is .4787 x 10 4 sec.z/a u

2
If we assume that c, the velocity of light, is a known constant
¢ =299792.5 km/sec., we find that the standard deviation of our

estimate of the a.u. is 2074 km, using just the three sets of

measurements.
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Appendix II

EXAMPLE OF WEIGHTING THE RESULTS OF TWO EXPERIMENTS

For the purpose of illustration, we will assume that the results
of Examples 1 and 2 of Appendix I represent the analysis of two
independent experiments. The fact that some numbers are the same
for the two sets of measurements will not make any difference for
this purpose. The results of the first example are the estimates of
P,Q,R,P,q,r and their accompanying covariance matrices. These are,
respectively, the vector 9 and the matrix ZA. In the second example,
the results are other estimates for P,Q,R,p, leo represented by a
vector 9 and estimates for q,r, represented by the vector ﬁ. The
corresponding covariance matrices are EA and ZA'

o ]

For the purpose of using and weighting the results of both examples

to determine a new estimate, we construct a new 12 x 12 covariance

matrix - -
(1)
Zb 0
- (2)

= ZA
o

0 ZA

(1A

where Eﬁl) is the 6 x 6 covariance matrix ZA for Example 1, and Zﬁz)
o o o
is the 4 x 4 covariance matrix A from Example 2. The zero cross-
o
A
covariance between Q and ¢t of Example 2 represents a slight approximation.

The detailed procedure from here is the same as Example 1 in Appendix

I with the condition equations now simply
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$( = om0 =0
wz(cv) = @, -~ = 0
Vol@) = g -a, = 0

wa(a) is thus a 6 x 12 matrix whose elements are l's, -1's and

Zeros.

Omitting the detailed intermediate results, we have for the

new estimates,

= 89194403
A
8y = 1.65931298
A
8, = .59033445
94 = 1.723444 x 10°
95 = 2.205719 x 10°
66 = 1.232612 x 10°

and the following covariance matrix,

R>

6.887"2 - 5.1877° - 1.7007° 5.7117% - 3.9307°
1.000°8 - 4.00677 - 2.235°%  4.3927°
6.606°° - 3.477°% - 4.62277

4.068"2  4.2327%

6.02572

(Exponents mean powers of 10)

- 5.893"
- 5.4657°
1.1367°
1.702°

3.332°
-2
3.892
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It is important to note that the diagonal terms representing
variances in the new estimates are smaller than those for either

Example 1 or Example 2,



10.

11.

12.

13.
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